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15:00, Sunday, 12/02/2012Simple question: what is the wave momentum in a medium?

 Surprisingly, the answer is not so simple... Consider absorption, Ω � ω � kv

Barnett, 2010 ; Bradshaw et al., 2010 . . .

cf., e.g., Cary and Kaufman, 1980

Nph � E{~ω

� Energy conservation:

1{2Mv2 � ~ω � 1{2Mv12 � ~Ω

ë 1{2Mpv12 � v2q � ~pω � Ωq � ~kv

� Momentum conservation:

Mv � pph �Mv1
ë 1{2Mpv12 � v2q �Mpv1 � vqv � pphv

pph � ~k, P � kE{ω
 But take a Langmuir wave... Why not P � 0 when plasma is at rest?
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15:00, Sunday, 12/02/2012Any alternative arguments? Well...

 Momentum conservation requires

~ω{c � pph �MV

pph � ~ω{c�M ∆x{τ
 The center of mass shifts as without dielectric

mphvgτ �M ∆x � mphcτ

ë ∆x � pc� vgqτmph{M
 Taking mph � ~ω{c2 (in vacuum), we thus get

pph � ~ωvg{c2, P � vgE{c2
ω � kVA, k ‖B0

vph � vg � VA

Dewar, 1970
ë

 A little problem, though... For Alfvén waves, one gets P � vgE{p2c2q instead!

BtP � BxpvgPq � “force”. . . But there are infinitely many equations like this!
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15:00, Sunday, 12/02/2012Least action principle for waves

 In classical physics, the least action principle is fundamental. Average action:

0 � δ » L dt dx � δ » �xLy � L̃ � dt dx � δ » xLy dt dx
 Definition of the geometrical-optics limit:

L does not depend on gradients of pa, ω, kq
xLy � Lpa, ω, k; t, xq
ω � �Btθ, k � Bxθ

 Least action principle in geometrical optics:

δ

»
Lpa, ω, kq dt dx � 0

Sturrock, 1961 ; Whitham, 1965 ; Whitham, 1974 ; Dodin and Fisch, 2012d . . .
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15:00, Sunday, 12/02/2012The three main (Whitham’s) equations

 Proceed much like with a discrete system, L � Lpq, 9qq
δLpq, 9qq � Lpq � δq, 9q � δ 9qq � Lpq, 9qq � Lq δq � L 9q δ 9q

0 � ³t2
t1
pLq δq�L 9q δ 9qloomoon

dt δq

q dt � L 9q δq|t2t1 �³t2t1 pLq � dtL 9qqloooooomoooooon
must be zero

δqloomoon
any

dt

 First, we vary the wave action with respect to a:

0 � δa » Lpa, ω, kq dt dx � »
Laloomoon

must be zero

δa dt dx

 Second, vary it with respect to θ, with ω � �Btθ and k � Bxθ in mind:

0 � δθ » Lpa, ω, kq dt dx � » �
Lω δp�θtq � Lk δθx

�
dt dx � » pBtLω � BxLkqlooooooomooooooon

must be zero

δθ dt dx

 Third, Btk � �Bxω, as seen from the definitions of ω and k and B2
xtθ � B2

txθ
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15:00, Sunday, 12/02/2012But what do Whitham’s equations mean?

Lapa, ω, kq � 0, BtLω � BxLk � 0, Btk � Bxω � 0

Lapa, kµq � 0, pLkµq;µ � 0, kµ;ν � kν;µ

x

Ω = kΥph kHxL

1. Nonlinear dispersion relation

2. Action conservation,
³
Lω dx � const

(same as photon conservation in QM)

cf. Btn � Bxpnvq � 0

� At Bx � 0, one has Lω � const, whence a � aptq� At Bt � 0, one has Lk � const, whence a � apxq
3. Consistency equation � “crest conservation”

Whitham’s equations are complete and can be used in
numerical simulations
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15:00, Sunday, 12/02/2012Finding the Lagrangian for a wave in plasma

Ltotal � »
E2 � B2

8π
dx �¸

i

Lipxi, viq averagingÝÑ » xE2 � B2y
8π

dx �¸
i

xLipX � x̃, V � ṽqyloooooooooooomoooooooooooonxLyipXi,Viq
 xLypX,V q is the slow-motion, or oscillation-center Lagrangian of a single particle

Dodin and Fisch, 2012a ; Dodin and Fisch, 2011

� Use canonical variables, pX,V q Ñ pX,P q:
P � BV xLy, HpX,P q � PV � xLy

� Drop PV as independent of wave variables

xLtotaly ÝÑ Lwave � » xE2 � B2y
8π

dx �¸
i
PiVilooomooon

unimportant

�¸
i
HipPi, Xiqloooooooomoooooooon
NxHy

Lpa, ω,kq � xE2 �B2y
8π

�¸
s

nsxHsyP
� Need to find only single-particle H� Fully nonlinear description� Vlasov equation not needed
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15:00, Sunday, 12/02/2012Example: H in linear waves. Ponderomotive potential Φ

 Consider an electron in a 1D electrostatic wave, Lpx, vq � 1{2mv2 � eϕ̃pt, xq
E
� Ht,xL

Ω' = Ω - kV

Φ � e|Ẽpt,Xq|2
4mpω � kV q2
P � BV xLy

P � mV � BVΦ

H � P 2{2m � Φ

x � X � x̃, x̃ � �eẼpt,Xq{mω1 2
 Ponderomotive Lagrangian:

L � mV 2{2 �mV ṽ �mṽ2{2 � eϕ̃pt,Xq � e �ẼhkkkkkikkkkkjBxϕ̃pt,Xq x̃
xLy � mV 2{2 �mxṽ2y{2 � exẼx̃ylooooooooooomooooooooooon�Φpt,X,V q

9P � �ΦX, pm � ΦV V q 9V � �ΦX � ΦV t � V ΦV X

 Ponderomotive Hamiltonian, H � PV � xLy:
H � mV 2{2�V ΦV �Φ � pmV � ΦV q2{2mloooooooooomoooooooooon

P2{2m �Φ
2
V {2mlooomooon�E4

�Φ
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15:00, Sunday, 12/02/2012...which leads to linear Langmuir waves!

L � xE2y
8πloomoon|Ẽ|2{16π

� xB2y
8πloomoon
0

�nA P 2

2mloomoon
does not
matter

� e|Ẽ|2
4mpω � kV q2E ÝÑ |Ẽ|2

16π
� nA e|Ẽ|2

4mpω � kV q2E

L � |Ẽ|2
16π

�
1 � 4πne2

m

» �8
�8 f0pV qpω � kV q2 dVloooooooooooooooooooomoooooooooooooooooooon

this is known as the linear εpω,kq!
�

 La � 0 correctly predicts εpω, kq � 0

 BtLω �∇ � Lk � 0 is much easier than ë
Lω�|Ẽ|2{p8πωq, Lω�L�1�n

|Ẽ|2 � nω � n3{2

B12ñBt2 � ω2
pñ � Cj` B2ñBxj Bx` � 2

B1ñBt � Ω

ωp

BωpBx` � kj BujBx`


k`
k2

� �δjs � kjks

k2


 BCs`Bxj BñBx` � 0

Schmit et al., 2010 ; Dodin et al., 2009
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15:00, Sunday, 12/02/2012Now let’s make it a bit more general... Any linear waves

L � 1

16π

�
Ẽ
� � ε̂ � Ẽ � c2

ω2
|k � Ẽ|2�

 The so-called K-χ theorem:
Cary and Kaufman, 1977 , 1981 ; Dodin and Fisch, 2010b

H � P 2{2m � Φ, Φ � �1{4 E� � α̂ � E
(Φ is the dipole interaction energy)

L � xẼ2y
8πloomoon|E|2{16π

� xB̃2y
8πloomoon|B|2{16π

� ¸
s

ns

4
E� � xα̂sy � E � |Ẽ|2

16π
� |B̃|2

16πloomoon
B̃�ck�Ẽ{ω

�E� � � 1

4

¸
s

nsxα̂syloooooomoooooon� pε̂�1q{16π
� � E

 All linear waves have L � a2Dpω,kq, for given polarization

Lω � a2
Dω, Lk � a2

Dk�Lk � �pDk{DωqLω � ωkLω

Dpω, kq � 0, Dk � Dω ωk � 0

BtLω �∇ � pvgLωq � 0

BtpXLωq �∇ � pvgXLωq � . . .
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15:00, Sunday, 12/02/2012So the energy-momentum tensor is...

Btp ωLωloomoon
energy

q �∇ � pvgωLωloomoon
energy flux

q � �Lt

Btp kLωloomoon
momentum

q �∇ � p vgkLωloomoon
momentum flux

q � Lx

 So, after all, P � kE{ω? Well...

� Each particle carries P � mV� BVΦ

� So, alternatively, P̄ � P � n BVΦ belongs

to the wave, and mV belong to particles

Sturrock, 1961 ; Whitham, 1965

T
αβ
can �

�
E Evg{c

Ekc{ω Ekvg{ω
�

any linear wave; any frame

Dodin and Fisch, 2012d ; Dewar, 1977

T
1αβ
full �

�
E Evg{c

Evg{c E kvg{ω � nΦ

�1
any linear wave in isotropic fluid ; rest frame

 This new momentum happens to be

P̄ � vgE{c2
 Interestingly, electromagnetism is irrelevant� same for angular momenta, photon spin. . .
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15:00, Sunday, 12/02/2012BGK modes: very special nonlinearity

 Bernstein-Greene-Kruskal waves
Bernstein et al., 1957 . . .

� Electrons with v � ω{k are trapped� They follow the island wherever it goes

 Trapped particles conserve
¶pv � vphq dx

 E.g., in plasma compressing K k

� ω � ωp9anptq, k � const Ñ
 Fundamental problems:

� Conservation laws, stability� Nonlinear dispersion relations
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Dodin and Fisch, 2012a ; Dodin and Fisch, 2012b ; Dodin and Fisch, 2012c ; Dodin and Fisch, 2011

www.princeton.edu/�idodin/iter06-slides.pdf 12



S2, Gateway Hotel
15:00, Sunday, 12/02/2012BGK wave amplification

 Approximation 1: the bulk -plasma response is linear

L � εpω, kq E2
m

16π
� nt xεtpk,Emqy � mnt

2

�
ω

k


2

ë Action conservation gives Emptq (cf. PIC results!):

const � ³
Lω d

3x � �
εωE

2
m{p16πq �mntv

2
ph

�{n
 Approximation 2: particles are deeply trapped, so εt � �eEm{k � eϕext

BBt
�
εωE

2
m

16π
� σmvph

� � BBx
��εkE2

m

16π
� 1

2
σmv

2
ph

� � �σeEext

ê
σ � nt{k is the number of particles per wavelength

nt � kσ � k � const

 The dc force performs work but cannot change xvty � vphë The energy must be spent on wave amplification!
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15:00, Sunday, 12/02/2012Nonlinear group velocities. Modulational instability

Bt Lωloomoon
I

�Bx p�Lkqloomoon
J

� 0, Btk � Bxω � 0

 Let all depend on ξpt, xq � x� Y ptq
vg � 9Y , Bx � dξ, Bt � �vgdξ

vgpk, Iq � ωk �a
ωIJk

ë ωIJk ¡ 0: stable wave, pulse splitting

ë ωIJk   0: instability, γ � |∆vg|∆k

vg � vg0�1 � ΩE

b
S p1{2 � Sq �
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Ωpt

Hx-
Υ

g0
tL�Λ

D

S = 1�4 S = 1

S � trapped-e energy flux

passing-e energy flux

 BGK waves do not satisfy the usual Schrödinger equation with local nonlinearity

∆ω � ωk ∆k � 1
2 ωkk p∆kq2 Ñ iBt, ∆kÑ �iBx

ipBt � vg0Bxqψ � 1
2 v

1
g0 B2

xxψ � ωNLp|ψ|2qψ
Dodin and Fisch, 2012c ; Lighthill, 1965 ; Whitham, 1974 ; cf. Dewar et al., 1972 ; Ikezi et al., 1978 ; Rose and Yin, 2008 . . .
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15:00, Sunday, 12/02/2012BGK wave dispersion, E � eikx

L � xẼ2y{8π � �
npxεp � Pvph �mv2

ph{2y � ntxεty� � ntmv
2
ph{2

ε is the single-particle energy in the wave rest frame

0 � La � Ba�E2
m{16π � nxεy�

ω
2 � 2ω

2
p Baxεy{peϕmq

a � keEm{pmω2q
 Deeply trapped particles: ω2 � ω2

L � 2ω2
t a

�1

 Flat-top beam: ω2 � ω2
L � βa�1{2

 Smooth distribution: ωNL � C1a
1{2 � C2 ln a. . .

Dodin and Fisch, 2011 ; Dodin and Fisch, 2012b

cf. Manheimer and Flynn, 1971 ; Dewar, 1972 ; Winjum et al., 2007 ; Khain and Friedland, 2007 ;

Goldman and Berk, 1971 ; Krasovsky, 2007 ; Rose and Russell, 2001 ; Lindberg et al., 2007 . . .
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 Suppose two waves in resonance; then the beat phase,
θ � θ1 � θ2, is a slow variable and may enter L:

L � Lpa1, ω1, k1looomooon
wave 1

, a2, ω2, k2looomooon
wave 2

, θq
 Now vary L with respect to θ1 and θ2 separately:

δθ1

»
L dt dx � » �

Lω1
δp�θ1tq � Lk1 δθ1x�Lθδθ1

�
dt dx � » pBtLω1

� BxLk1 �Lθqlooooooooooooomooooooooooooon
this must be zero

δθ1 dt dx

δθ2

»
L dt dx � » �

Lω2
δp�θ2tq � Lk2 δθ2x�Lθδθ2

�
dt dx � » pBtLω2

� BxLk2 �Lθqlooooooooooooomooooooooooooon
this must be zero

δθ2 dt dx

BtpLω1 � Lω2q � BxpLk1 � Lk2q � 0

³pLω1 � Lω2q dx � const

 Same for three-wave interactions
(θ � θ1 � θ2 � θ3), etc.

Brizard and Kaufman, 1995 ;

Dodin et al., 2008 ; Dodin and Fisch, 2008a
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15:00, Sunday, 12/02/2012General wave kinetics. Quantum-like geometry of waves

i | 9ψy � Ĥ |ψy
i 9̂ρ� rρ̂, Ĥs � 0

 Any oscillations, L � 1
2 Mij 9qi 9qj � Rij 9qiqj � 1

2 Qijq
iqj

ë pq, pq Ñ pa, a�q, where |an|2 are eigenmode actions

ë action is an operator, ρ̂ � |ψy xψ|, and Tr ρ̂ � const

 Waves never decay (fields do)

� radiation friction = Landau damping� hidden conservation laws
cf. Yakhot and Zakharov, 1993

 If X is differentiable everywhere,

then Ĥ � Ĥpx̂, k̂q ê

Btf � ttf,Huu � 0

cf. McDonald and Kaufman, 1985 ; Brizard et al., 1993

- f � averaged projector, not Winger function

- px, kq are interpreted, not postulated
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 Wave physics becomes more flexible/reliable within a Lagrangian approach

� What is the wave momentum?.. energy?.. group velocity?.. transport equations?..

 For waves in plasma, L is derived from single-particle motion:

Lpa, ω, kq � xE2 � B2y
8π

�¸
s

nsxHsyf
 Showed applications to two types of waves:

� textbook linear waves in plasma� BGK modes: dispersion, dynamics, stability...

 But those are just examples... The actual physics is about wave geometry!
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